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NOTE ON TWISTED ELLIPTIC GENUS OF A3 SURFACE 



TOHRU EGUCHI AND KAZUHIRO HIKAMI 



Abstract. We discuss the possibility of Mathieu group M24 acting as symmetry group 
on the K3 elliptic genus as proposed recently by Ooguri, Tachikawa and one of the 
present authors. One way of testing this proposal is to derive the twisted elliptic genera 
for all conjugacy classes of M24 so that we can determine the unique decomposition of 
expansion coefficients of K?> elliptic genus into irreducible representations of A/24- In 
this paper we obtain all the hitherto unknown twisted elliptic genera and find a strong 
evidence of Mathieu moonshine. 

o : 
o 

(N 

1. Introduction 

< 

Let us consider the string theory compactified on the A3 surface. It is well-known 
that string theory on A3 has the symmetry of Af = 4 superconformal algebra. In jf], [Io| 
the elliptic genus of A3 was expanded in terms of irreducible representations of M = 4 
superconformal algebra 



X 



V ■ 

>| =20chti i , =0 (^r)-2cht i , = i(^r) + ^AH chf =n+y=| (*; r). (1.1) 



n=l 

In the RHS the first two terms denote characters of short (BPS) representations of M = 4 
algebra (with isospin £ = 0, 1/2), and an infinite series denotes the sum over long (non- 



(N 

BPS) representations. A new discovery was made in [9|: expansion coefficients A{n) 
agree with the dimensions of irreducible or reducible dimensions of representations of 



the Mathieu group M 2 4, 



■n 



1 2 3 4 5 6 7 



A{n) 2 x 45 2 x 231 2 x 770 2 x 2277 2 x 5796 2 x 13915 2 x 30843 2 x 65550 • • • 

(1.2) 

In fact M24 has 26 representations with dimensions 

{1, 23, 252, 253, 1771, 3520, 45, 45, 990, 990, 1035, 1035, 1035', 231, 231, 



770, 770, 483, 1265, 2024, 2277, 3312, 5313, 5796, 5544, 10395}. 

Here the pairs of 45, 990, 1035, 231, 770-dimensional representations are complex con- 
jugate of each other. At the level n = 6 we have a decomposition into irreducible 
representations 13915 = 3520 + 10395 and at n = 7 30843 = 10395 + 5796 + 5544 + 
5313 + 2024 + 1171 etc. 
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Explicitly characters of short and long representations (in R sector) are given by H 



R , , (M^)f 



ch h= y =Q (z; r) = ' 3 fi(z; r), (1.3) 

[7]{t)\ 



< = U^M T ) + 2 <=U=o(^ r) = , (1-4) 



"4' 2 4' 



/ 2 



and 



M (z; r ) = — J" (-1)™ ^ — — , (1.5) 

c< H (^) = ? *-J^f^. (1.6) 

It is known that the above series fj,(z; r) is a typical example of a Mock theta function [25|. 
Expansion coefficients A(n) are given in terms of /j at half-periods 

00 

- E(r) = -2 + ^ A(n) q n = 8 ^ M™5 r). (1.7) 

n=l ^£{1,1^,1} 

Prefactor above is for convenience. As studied in detail in 0], £(r) is a mock theta 
function whose shadow [24] is [^(r)] 3 . 

Now consider a graded vector space 

00 

J2V(n) q n 

n=l 

where the space V(n) has a dimension dimV^(n) = A(n). Since the dimension of the 
representation space is given by the trace of the identity element, we may rewrite the 
sum (II. 7p as 

00 

- q l s E(r) = -2 + J2 ^v(n) 1 ■ q n - (1.8) 

n=l 

Twisted elliptic genus is defined instead by considering an arbitrary group element g 

00 

-^£ 3 (r) = -2 + ^A,(n)(A (1.9) 

n=l 

where 

4,(ra) = 'Ey (n) (/. (1.10) 

Since the trace of g depends only on its conjugacy class, there exists a twisted elliptic 
genus Z g (z;r) corresponding to each conjugacy class. As a generalization of (II. ip . we 
define the twisted elliptic genus by the decomposition 



Z g (z; t) = ( Xg - 4) chJLi^*; r) - 2 ch* =l e=1 (z; r) + ^A g {n) ch 



= X, chtx^ (,; r) - [9 f^ ] S 9 (r), (1.11) 

[?7(r)] 

where \g 6 ^ is the Witten index ^(2 = 0; r). The g-series E^(r) is thus the analogue 
of the McKay-Thompson series of the monstrous moonshine [4j. 



n=l 

2 
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The Mathieu group M 24 has the following 26 conjugacy classes: (we use the ATLAS 
naming of the conjugacy classes [3]. See Tabled]) 

type I : 1A, 2A, 3A, 5A, 4B, 7A, 7B, 8A, 6A, 11A, 15A, 15B, 14A, 14B, 23A, 23B, (1.12) 
type II: 12B, 6B, 4C, 3B, 2B, 10A, 21A, 21B, 4A, 12A. (1.13) 

Elements of the conjugacy classes of the type I ( }1,12|) fix 1 element out of 24 and these 
classes may be considered as conjugacy classes of the subgroup M 23 . See the cycle 
representation of these classes in Table [TJ On the other hand, classes of the type II fll. 13j) 
do not have a fixed element and are regarded as intrinsic elements of M 24 . It turns out 
that the twisted elliptic genera of these two types of conjugacy classes have a qualitatively 
different behavior. Especially the Witten index Xg i n (H-lip vanishes if and only if g 6 
type II; 

1 A OA OA K A AT3 <7 \ OA <5 A 1 1 A 1 K A 1 A A OQA 

(1.14) 
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1A 2A 


3A 


5A 


4B 


7A 


8A 


6A 


11A 


15A 


14A 


23A 


others 


Xg 


24 8 


6 


4 


4 


3 


2 


2 


2 


1 


1 


1 






It is observed 0, [3| that Xg is related to the first and the second rows of the character 
table of M 24 in Table [2j xia = 1 + 23, xia = 1 + 7, and so on. In the character 
decomposition fll.lip . A g (n) is the Fourier coefficient of mock theta functions if g e type I 
and of modular form if g e type II. Note that twisted elliptic genera for the pairs, 
(7A, 7B), (15A, 15B), (14A, 14B), (23A,23B), (21A,21B), are equal to each other. 

Twisted elliptic genera of the conjugacy classes of type I have already been obtained in 
the literature [2|, ll3(. On the other hand, twisted elliptic genera of type II are yet largely 
unknown. In this paper we obtain all the twisted elliptic genera of type II and then use 
the character formula of the Mathieu group to derive the coefficients of the decomposition 
of K3 elliptic genus into a sum of irreducible representations of M 24 . We have checked 
that we always obtain the positive integral coefficients in the decomposition up to g 600 . 
We thus provide a very strong support for the Mathieu moonshine conjectures 



2. Twisted elliptic genus of the set type I 



Twisted elliptic genera of the type I has been obtained previously 0, 0, [l^ • Type I 
genera for basic classes, pA (p = 2, 3, 5, 7) were discussed by A. Sen and his collabora- 
tors (5), [l6| (also [l5|) in connection with the counting problem of \ BPS monopoles and 
dyons. 



We first introduce the standard notation in the theory of Jacobi forms 



12 



&o,i(z;r) =4 



0io(z;t) 
M0;t) 



+ 



and 



-2,1 U;r) 



flop (z;t) 
M0;t) 



[M*;t)] ; 



M0;r) 



(2.1) 



(2.2) 



1 Very recently a preprint by M.Gaberdiel, S.Hohenegger and R. Volpato has appeared which has 
a substantial overlap with the present paper. 
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Here the Jacobi theta functions are denned in Appendix |A] 0m,jv denotes a Jacobi form 
with weight M and index N. We also use the Eisenstein series 

^V) ~^,log (^) = 1 - ivO- (2-3) 



The elliptic genus for K3 is given by 10, [17] 

Z K3 (z; r) = ZiA^; r) = 2 O(1 (z; r). (2.4) 

Note that the class 1A consists of the identity element and hence Z\\ is the original 
untwisted elliptic genus. 

In the case of classes pA (p = 2, 3, 5, 7) there is a general formula for the twisted 
elliptic genera j^j 

z pA (z; r) = -4t <M r ) + ~rT r )- ( 2 - 5 ) 
p+ l p+i 

Explicitly we have 

2 4 

^2a0; r) = - o ,i(z; r) + - 02 2) ( r ) ^-2,1(2; r), (2.6) 

3*0*; r) = ~ Mz; r) + ^ #(r) 0_ 2)1 (z; r), (2.7) 

Z 5A 0; r) = i 0o,i(^; + I #(r) 0_ 2>1 (z; r), (2.8) 

Z 7A (z; r) = 1 o ,i(z; r) + 7 - <P?\r) 0_ 2)1 (z; r). (2.9) 
Twisted elliptic genera for other classes are given by 

Z,b(z;t) = \<j) ,i{z-T) + (-^#(r) + 2 2 4) (r)) 0_ 2) iC*;t), (2.10) 

Z«a(*; r) = i 0o,i(^ r) + (~ #(r) - ± 2 3) (r) + | #(r)^) 0_ 2)1 (*; r), (2.11) 

3*0*; r) = ^o,i(^;r)+ (-^ 2 4) (r) + ^ 2 8) (r)^) 0- 2 , 1 O*;t), (2.12) 

^iiA(^r) = ^0o,i(^^) + (y02 11) W-f hW^(l^)] 2 ) 0-2,i(^;t), (2.13) 

^i4A(^;r) =±Mz;t) + (~$\r) + f^\r) (2.14) 

14 \ 

-y V(r) 77(2 r) jj(7t) ,(14r) 0-2,1(2; T )> 

W^r) =1^^) + ("j^V) - YA^ ){T) + l^V) (2-15) 

15 \ 

—4- ^( r ) r ) r ) ^( 15 r ) J 0-2,1(2; r), 

1 , , , /23 (23) , 23 „ , , 161 



^23a(^; r) = — 0o,i (^; r) + ( — 2 ; (r) - — / 23 ,i(r) - — f 23,2(7) ) <£-2,i(*; T ) 



(2.16) 
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In the class 23A we have used the newforms 23 

f 231 ( r ) = 2 q - q 2 - g 4 - 2 g 5 - 5 g 6 + 2 g 7 + 4 g 9 + 6 g 10 - 6 g 11 + 5 g 12 + 6 g 1 
+ 4 g 14 - 10 g 15 - 3 g 16 + 6 g 17 - 2 g 18 - 4 g 19 + • • • , 

/23, 2 (r) =g 2 -2g 3 -g 4 + 2g 5 + g 6 + 2g 7 -2g 8 -2g 10 -2g n + g 12 
+ 2g 15 + 3g 16 -2g 17 + 2g 18 + --- . 



3. Twisted elliptic genus of the set type II 



Our main task in this paper is to obtain all the twisted elliptic genera belonging to 
type II. Here, unfortunately there is no definite guiding principle. We have to make an 
educated guess for the candidate elliptic genera which reproduce the correct coefficients 
of lower order g-expansions (see Table [3]) and have the correct weight and level as modular 
forms. 

By trial and error we have obtained the following elliptic genera which are written in 
the form of //-product; 



Z 2 b(z; r 
Z iA (z;r 
Z 4C (z;t 
Z 3 b(z;t 
Z 6 b(z;t 
Z 12B (z;t 
Z W a(z; t 
Zi2a(z; t 



V (2t) 



4>-2,x{z; r), 



77(2r) 8 , . 
2| i ^0- 2)1 (,;r), 

y(rr V (2r) 2 



2,1 U; r 



n V (T) 2 r/(2r) 2 V (3t) 2 

2 ^ 

?7(r) 4 r7(4r)^(6r) 



V (2r)r ] (12r) 
i](r) 3 T](2t) t](5t] 



7/(10t) 



<f>-2,i(z; r), 



7](t) 3 r/(4r) 2 r/(6r) 3 
2 — ^ — — — s „ 0-2a(z; t) 



7](2t) 7](3t) 7](12t) 2 

For the class 21A one has a linear combination of 77-products 

{7 v(r) 3 v(7r) 3 1 r/(r) 6 

Z 21A (z;t) 



^-2a[Z]T) 



3.1 



3.2 



3.3 



3.4 



3.5 



3.6 



3.7 



3.8 



3.9 



, 3 77(3 r) 77(21 r) 3 r/(3 r) 2 

One sees that S ff (r) is the 77-product which is modular on congruence subgroup ro(ord(p) 
with character. 

We note the following relation among the genera of type I and type II 

Z 2A (z; t) + Z 2B (z; r) = 2 Z 4B (z; r), (3.10) 
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Z4a(z; r) + Z 4B (z; t) =2 Z 8 a(z; t). 



(3.11) 



4. Mathieu moonshine 



In Table |5]the character formula for the Mathieu group M 24 is presented. We denote its 
elements as Xr where R runs over irreducible representations and g runs over conjugacy 
classes. It is well-known that the character formula obeys the orthogonality relation 

E n sX R 'XK =|G|<W (4.1) 
a 

where n g is the number of elements in the conjugacy class g and \G\ is the order of the 
group G. Let us denote the multiplicity of the representation R in the decomposition of 
the K3 elliptic genus at level n as cr(u). We then obtain the value of the twisted genus 
of the class g at level n as 

J2 c R( n )xl = A g (n), (4.2) 

R 

where A g (n) is defined in (11.101) . Note that by choosing g = 1A in (14. 2p we find 

£ C n (R) XR A = C ^ R = A ^ ( 43 ) 

R R 

In fact cr(u) is the multiplicity of representation R at level n. 

If one uses the orthogonality relation (14. ip . we can invert the relation (14. 2p and find a 
formula for the multiplicities 

zZ]H n 3XRM n ) = CR(n). (4.4) 

9 

We have checked by computer that the multiplicities cr(ti) are positive integers for all 
representations up to n = 600. See Table HI This provides a very strong support of the 
Mathieu moonshine conjecture. 



5. Entropy 



In Table El we have tabulated the values of A g (n), the expansion coefficients of twisted 
genera Z g (z;r). In the untwisted case (g = 1A) we have applied the the method of 
Bringmann-Ono pj and obatined the Poincare series 



fc 2 =— 8n+l mod 8c 



where (— ) is the Legendre symbol, and J denotes the Bessel function, 



= \l sinh(x). 

2 V TCX 

We have identified the expotential growth of {A(n)} at large n as the entropy of K3 
surface 

S K3 = log A(n) ~ 2 7T J i - i\ (5.2) 
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See 0, 0] for the discussion of entropy of higher- dimensional complex manifolds with 
reduced holonomy. 

In case of g e type I, twisted elliptic genus Z g (z;r) is modular on the congruence 
subgroup r (ord(g)) of SX(2;Z). Correspondingly the g-series S s (r) is a mock theta 
function on Fo(ord(g)), and by using the same method as above the Fourier coefficients 
Ag{n) are given by 

ord(g)|c k 2 =-8n+l mod 8c 

See 0] where a case of r (2) was studied. The above formula shows that the entropy S g 
of "twisted" K3 is given by 

ord(g)' 

Thus the entropy of twisted K3 is reduced by a factor 1/ ord(g). This coincides with the 
result of 20[ that the entropy of the Z^v twisted CHL model is 1/N times the entropy 
of the untwisted model. 



S g = log\A g {n)\~—^. (5.4) 



6. Discussions 

We have completed the analysis initiated in 0, [l3[ on Mathieu moonshine phenomenon 
by providing all the twisted elliptic genera for K3 surface. Making use of them we are 
able to decompose uniquely the expansion coefficients {A g (n)} into a sum of irreducible 
representations of M 24 . We find that the multiplicities of all irreducible representations 
are positive integers up to the level n = 600. 

For the sake of illustration we present the decomposition at the level n = 98; 
1754939889054075390 

= 7168167560 x 1 + 164868700882 x 23 + 1806385660318 x 252 

+ 1813554671156 x 253 + 12694876811718 x 1771 + 25232056046588 x 3520 

+ 322568604932 x (45 + 45) + 7096515632052 x (990 + 990) 

+ 7419084236984 x (1035 + 1035) + 7419083183322 x 1035' 

+ 1655854140602 x (231 + 231") + 5519511336942 x (770 + 770) 

+ 3462239800920 x 483 + 9067771260936 x 1265 + 14508430647818 x 2024 

+ 16321986797048 x 2277 + 23741069980370 x 3312 + 38084633405380 x 5313 

+ 41546870254732 x 5796 + 39740484586192 x 5544 + 74513414138524 x 10395 

Thus the observation of [9J may well be proved to be true. 

We are, however, still very far from satisfactory understanding of the origin of the 
symmetry of the Mathieu group M 24 . As is well-known, there ar e sp ecial classes of K3 



surfaces which possess automorphism under subgroups of M 2 3 [l8|, [19| (see |22| for a 



recent result). Thus it appears that M 24 emerges as an enhanced symmetry in string 
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theory. Hopefully the twisted genera we have obtained offer some clue in our search for 
the action of M 24 on the string Hilbert space in K3 compactification. 
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Appendix A. Jacobi Theta Functions 
The Jacobi theta functions are defined by 

e n (z;r) = ^ g H™+5) 2 e M n+ 5)M), 

ngZ 
ngZ 

# 01 ( 2;r ) = ^g^V™(-4). 



(A.1) 



c 



2irinz 



n 



Throughout this paper, we set q = e with r in the upper half plane, rGl 
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conjugacy class II cycle shape 



1A 


; l 24 


() 


2A 


l 8 -2 8 


(1,8)(2, 12)(4, 15)(5, 7) (9, 22)(11, 18)(14, 19) (23, 24) 


3A 


; x e . 3 e 


(3, 18, 20) (4, 22, 24)(5, 19, 17) (6, 11, 8)(7, 15, 10) (9, 12, 14) 


5A 


l 4 -5 4 


(2, 21, 13, 16, 23)(3, 5, 15, 22, 14) (4, 12, 20, 17, 7)(9, 18, 19, 10, 24) 


4B 


; 1 4 ■ 2 2 • 4 4 


(1, 17, 21, 9)(2, 13, 24, 15)(3, 23) (4, 14, 5, 8)(6, 16)(12, 18, 20, 22) 


7A 


13.73 


(1, 17, 5, 21, 24, 10, 6)(2, 12, 13, 9, 4, 23, 20) (3, 8, 22, 7, 18, 14, 19) 


7B 


> X 3 . 7 3 


(1, 21, 6, 5, 10, 17, 24)(2, 9, 20, 13, 23, 12, 4) (3, 7, 19, 22, 14, 8, 18) 


OA 


i2.2i.4i.g2 


(1, 13, 17, 24, 21, 15, 9, 2) (3, 16, 23, 6) (4, 22, 14, 12, 5, 18, 8, 20) (7, 11) 


6A 


l 2 -2 2 -3 2 -6 2 


(1, 8)(2, 24, 11, 12, 23, 18)(3, 20, 10) (4, 15)(5, 19, 9, 7, 14, 22) (6, 16, 13) 


11A 


l 2 - ll 2 


(1,3, 10, 4, 14, 15, 5, 24, 13, 17, 18)(2, 21, 23, 9, 20, 19, 6, 12, 16, 11, 22) 


15A 


l 1 - 3 1 - 5 1 • 15 1 


(2, 13, 23, 21, 16)(3, 7, 9, 5, 4, 18, 15, 12, 19, 22, 20, 10, 14, 17, 24)(6, 8, 11) 




l 1 • 3 1 • 5 1 • 15 1 


(1, 12, 17, 13, 5, 9^21, 4, 24, 23, 10, 20, 6, 2)'(3, 18, 8, 14, 22, 19, 7)(11, 15) ^ 


14A 


l 1 • 2 1 • 7 1 • 14 1 




14B 


Mi . 2 1 ■ 7 1 • 14 1 


(1, 13, 21, 23, 6, 12, 5,4, 10, 2, 17, 9, 24, 20) (3, 14, 7, 8, 19, 18, 22) (11, 15) 


23A 


l 1 • 23 1 


(1, 7, 6, 24, 14, 4, 16, 12, 20, 9, 11, 5, 15, 10, 19, 18, 23, 17, 3, 2, 8, 22, 21) 


23B 


| l 1 • 23 1 


(1,4, 11, 18, 8, 6, 12, 15, 17, 21, 14, 9, 19, 2, 7, 16, 5, 23, 22, 24, 20, 10, 3) 


12B 1 12 2 


(1, 12, 24, 23, 10, 8, 18, 6, 3, 21, 2, 7) (4, 9, 11, 15, 13, 16, 20, 5, 22, 17, 14, 19) 


6B !' 6 4 


(1, 24, 10, 18, 3, 2) (4, 11, 13, 20, 22, 14) (5, 17, 19, 9, 15, 16) (6, 21, 7, 12, 23, 8) 


4C 




(1, 23, 18, 21)(2, 12, 10, 6)(3, 7, 24, 8) (4, 15, 20, 17)(5, 14, 9, 13)(11, 16, 22, 19) 


2B 


2 12 


(1, 10, 3) (2, 24, 18) (4, 13, 22)(5, 19, 15) (6, 7, 23)(8, 21, 12)(9, 16, 17)(11, 20, 14) 
(1, 8)(2, 10)(3, 20)(4, 22)(5, 17)(6, 11)(7, 15)(9, 13)(12, 14)(16, 18)(19, 23)(21, 24) 


10A 


2 2 • 10 2 


(1, 8)(2, 18, 21, 19, 13, 10, 16, 24, 23, 9)(3, 4, 5, 12, 15, 20, 22, 17, 14, 7)(6, 11) 


21A 




(1,3, 9, 15, 5, 12, 2, 13, 20, 23, 17, 4, 14, 10, 21, 22, 19, 6, 7, 11, 16) (8, 18, 24) 


21B 




(1, 12, 17, 22, 16, 5, 23, 21, 11, 15, 20, 10, 7, 9, 13, 14, 6, 3, 2, 4, 19) (8, 24, 18) 


4A 


2 4 • 4 4 


(1,4, 8, 15)(2, 9, 12, 22)(3, 6)(5, 24, 7, 23)(10, 13)(11, 14, 18, 19)(16, 20)(17, 21) 


12A 


2 1 • 4 1 • 6 1 • 12 1 


(1, 15, 8, 4)(2, 19, 24, 9, 11, 7, 12, 14, 23, 22, 18, 5)(3, 13, 20, 6, 10, 16)(17, 21) 



Table 1. Representatives of conjugacy classes. 
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